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Abstract
Not only does Chern-Simons (CS) coupling characterize statistics, but also
spin and scaling dimension of matter fields. We demonstrate spin transmuta-
tion in relativistic CS matter theory, and moreover show equivalence of several
models. We study CS vector model in some details, which provide consistent
check to the assertion of the equivalence.
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1
Introducing CS interaction in two spatial dimensions is equivalent to attaching
to particles ’magnetic’ flux tubes. Considerable interests focus recently on strong
CS couplings so that each electron carries, for instance, two flux tubes or more. This
serves as a key ingredient in a recent successful theory of the half-filled Landau level to
understand the quantum Hall effects with the filling factors ν = 1/2, and = p/(2p+1)
(p an integer) [1, 2]. However, as the interaction is getting strong, perturbation theory
which has being used in many cases can not be reliable, in general. In this Letter, we
suggest alternatives of the model with Dirac fermion coupled to CS, in the relativistic
formalism. We shall show the following three U(1) quantum gauge field theory models,
which look apparently so different, are equivalent one to the others. These are
LF = ψ¯[−iσµ(∂µ + iaµ + iCµ) +M ]ψ − i
8πα
ǫµνλaµ∂νaλ , (1)
where ψ is a two-component Dirac field, σµ (µ = 1, 2, 3) Pauli matrices, and Cµ an
external gauge field;
LB = 1
2
B∗µ[−iǫµνλ(∂ν + iaν + iCν) +Mδµλ]Bλ −
i
8π(α− 1
2
)
ǫµνλaµ∂νaλ , (2)
where Bµ is a complex vector field; and
LFF = Ψ¯[−i2
3
Lµ(∂µ + iaµ + iCµ) +M ]Ψ− i
8π(α− 1)ǫµνλaµ∂νaλ , (3)
where Ψ is a spin-(3/2) field, and Lµ 4× 4 matrices. While it is of the most interest
to explore intrinsic relations among different models, obviously (1), (2), and (3) can
be good perturbation theories only around α = 0, 1/2, and 1, respectively.
Our expectation of the equivalence is based on the observation that the CS coef-
ficient characterizes not only the statistics, but also the spins of the coupled matter
fields. Therefore, it is possible to trade CS coupling for higher spins, and vice versa.
To understand the mechanism of spin transmutation precisely, we calculate the par-
tition functions of the three models, by using the particle path integral method [3, 4].
We obtain, for any given α,
ZF [C] = ZB[C] = ZFF [C] . (4)
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The CS coupling characterizes as well the scaling dimensions of operators and
other physical quantities [5, 6, 7, 8]. The equivalence seen here allows perturbative
expansion of the quantum CS field theory in one of its versions with weak CS coupling.
In the second half of the Letter, we examine the model (2) in some details, while leave
further investigation of (3) to a separate publication [9] except a comment: the model
(3) around α = 1 might provide a proper description of the half-filled Landau level, as
it contains fermion particles carrying two flux tubes with small perturbation in α−1.
Some aspects of the model (2) in a slightly different form (where the Bµ field was real)
were discussed in the literature [10, 11, 12]. Here we look into some others, which
provide a consistent check to the assertion of the equivalence. Moreover, combining
with the known results about the model (1) [5], we shall discuss the scaling dimension
of the matter field against the statistical parameter α in the regin [0, 1/2].
Deriving (4), we start from the partition function ZF [C] =
∫ DaµDψ¯Dψe−SF . The
path integral over fermion fields is of Gaussian type, so it is readily to obtain
ZF [C] =
∫
Daµ
∞∑
n=0
1
n!
(−WF )nexp[ i
8πα
∫
d3xǫµνλaµ∂νaλ] , (5)
WF = −Trlog[−i(∂µ + iaµ + iCµ)σµ +M ] . (6)
To integrate over aµ, we use a particle path integral representation of WF [3, 4],
WF =
∫
DXexp{−
∫
1
0
dt[M
√
X˙2 + ia · X˙+ iC · X˙] + i
2
Φ[
X˙
|X˙| ]}, (7)
Φ[e] =
∫
D
dudse · [∂se× ∂ue] . (8)
(8) is defined as spin factor. Geometrically, this is the area enclosed by a path e(t)
(0 ≤ t ≤ 1) on a unit sphere S2. The numerical coefficient of the spin factor in (7)
reflects the spin of the matter, which is apparently 1/2 for the Dirac field. Now the
integral over aµ is readily to perform, and it gives
ZF [C] =
∞∑
n=1
(−1)n
n!
∫ n∏
i=1
DXiexp{−
n∑
i=1
[
∫
dt(M
√
X˙2i+iC·X˙i)−
i
2
Φ[
X˙i
|X˙i|
]−iα
2
Θii]+iα
∑
i<j
Θij} ,
(9)
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Θij =
1
α
∫
1
0
dt
∫
1
0
ds
dXµi
dt
dXνj
ds
< aµ(Xi)aν(Xj) > , (10)
< aµ(x)aν(y) >= 8παǫµνλ
xλ − yλ
|x− y|3 . (11)
(11) is the CS propagator in the Landau gauge.
Now, we come to the key point for spin transmutation. It is shown in [3, 4] that
the self-energy Θii is related to the spin factor Φ (see (8)) via
Θii − 2Φ = 4π (mod 8π) ; (12)
and that the relative energy Θij (i 6= j) is the Gaussian linking number
Θij ∈ 4πZ . (13)
Using (12) and (13), we shift α in (9) by −1/2, and then ZF [C] takes a form
ZF [C] =
∞∑
n=1
1
n!
∫ n∏
i=1
DXiexp{−
n∑
i=1
[
∫
dt(M
√
X˙2i+iC·X˙i)−iΦ[
X˙i
|X˙i|
]−iα −
1
2
2
Θii]+i(α−1
2
)
∑
i<j
Θij} .
(14)
Notice the numerical coefficient of the spin factor Φ is now 1 in (14), replacing 1/2
in (9). Recovered the integral over aµ, (14) is written as
ZF [C] =
∫
Daµ
∞∑
n=0
1
n!
(−WB)nexp[ i
8π(α− 1/2)
∫
d3xǫµνλaµ∂νaλ] , (15)
WB =
∫
DXexp{−
∫
1
0
dt[M
√
X˙2 + ia · X˙+ iC · X˙] + iΦ[ X˙|X˙| ]}, (16)
= −Trlog[−(∂µ + iaµ + iCµ)Lµ +M ] , (17)
where Lµνλ, chosen here as −iǫµνλ, is the spin matrix with the eigenvalue 1. The
right hand side of (15) is nothing but the partition function of (2). To continue our
derivation of (4), we use (12) and (13) once again, and shift (α−1/2) in (14) by −1/2
to (α− 1). We obtain
ZF [C] =
∫
Daµ
∞∑
n=0
1
n!
(−WFF )nexp[ i
8π(α− 1)
∫
d3xǫµνλaµ∂νaλ] , (18)
WFF =
∫
DXexp{−
∫
1
0
dt[M
√
X˙2 + ia · X˙+ iC · X˙] + i3
2
Φ[
X˙
|X˙| ]}, (19)
= −Trlog[−(∂µ + iaµ + iCµ)Lµ +M ] , (20)
4
where the eigenvalue of L2 is (3/2)(3/2 + 1). The right hand side of (18) is just the
partition function of (3). In summary, Lagrangians (1), (2), and (3) are just different
versions of the same CS matter quantum field theory. It is not difficult to repeat the
above procedure for more versions with higher spin matters. As a special case, when
α is an integer or half integer and Cµ absent, the CS matter theory turns out to be
a free theory of spin |1/2 + α| particles.
Next, we discuss the model (2) (the external field Cµ is ignored hereafter). Like
(1), (2) is invariant under U(1) gauge transformations: aµ → aµ− ∂µΛ, Bµ → eiΛBµ.
The equations of motion which follow from (2) are
ǫµνλ∂νaλ = 4π(α− 1)jµ , (21)
ǫµνλ(∂ν + iaν)Bλ + iMBµ = 0 , (22)
where the current jµ = −iǫµνλB∗νBλ (the equation for B∗µ, similar to (22), is omited).
From (21) and (22), one readily obtains the current conservation, ∂µjµ = 0, and
the constraint for Bµ field: (∂µ + iaµ)Bµ = 0. Since aµ has no independent degree
of freedom (see (21)), this constraint reduces the number of independent degrees of
freedom of Bµ field to 2, the same with that of the Dirac field in three dimensions.
The Bµ field propagator and its inverse propagator are readily to obtain [13]
Dµν =
1
p2 +M2
(ǫµνλpλ +
pµpν
M
+Mδµν) , D
−1
µν = −ǫµνλpλ +Mδµν . (23)
The one-loop correction from the vector field Bµ to the polarization tensor of CS
Πµν = Πe(p,M)(δµνp
2 − pµpν) + Πo(p,M)ǫµνλpλ is finite (by the regularization by
dimensional reduction [5]):
Πe(p,M) =
1
12π
1√
M2
[1 +O( p
2
M2
)] , (24)
Πo(p,M) = − 1
2π
sign(M)[1 +O( p
2
M2
)] . (25)
This implies that, in the low energy limit, the CS gauge field behaves like a dynamical,
topologically massive gauge field. This is exactly what happens in the model of
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CS coupled to Dirac field, (1). It is argued that, at two-loop and beyond, the CS
mass receives no further corrections, – a natural extention of the no-renormalization
theorem [14, 15] to the CS vector model [12].
Like in the CS Dirac field model, at two-loop the matter field, now the vector,
self-energy has a simple pole, which reflects the appearance of log divergence at this
order, and therefore the Bµ field needs nontrivial wave-function renormalization, from
which we obtain the scaling dimension of the Bµ field
[Bµ] = 1− (α− 1/2)
2
8
+O((α− 1/2)4) . (26)
Since (1) and (2) are just different versions of the same theory, ψ and Bµ describe
the same matter field for any given α, let’s recall the scaling dimension of the Dirac
field in model (1), calculated in [5], [ψ] = 1 − α2
3
+ O(α4). On the other hand, it
is natural to assume that the scaling dimension of the matter field is a continuous
function of α in the region [0, 1/2], for instance. Then, since quantum fluctuation
decreases the dimension of matter field as α varies away from both the fermion (α = 0)
and boson (α = 1/2) points, there must exist at least one local minimum in the scaling
dimension of matter versus α between α = 0 and 1/2.
It is interesting to observe that when M = 0, the U(1) CS vector model (2) turns
out to be a topological non-Abelian SU(2) gauge theory, which has no dynamical
degree of freedom! To see this, we set aµ = ea
1
µ, with e =
√
4π(α− 1/2), and
Bµ = a
2
µ + ia
3
µ, substitute them into (2), then have
L = − i
2
ǫµνλ(a
a
µ∂νa
a
λ +
e
3
ǫabcaaµa
b
νa
c
λ) . (27)
But, the equivalence seen above cannot be simply extended to the massless case, as
applying the particle path integral method to massless fields is somehow ambiguous.
To conclude the Letter, we remark the equivalence, however, can be generalized to
the matter self-interactions in CS models. For instance, adding a quartic interaction
(ψ¯ψ)2 in (1) can be seen [9] equivalent to adding a quartic interaction (B∗µBµ)
2 in the
vector version of the CS theory, (2).
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